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We study both manipulation and detection of two-mode spatial quantum states of light by means
of a reconfigurable integrated device built in an electro-optical material in a Kolgelnik-Schmidt con-
figuration, which provides higher error tolerance to fabrication defects and larger integration density
than other current schemes. SU(2) transformations are implemented on guided spatial modes in
such a way that reconstruction of both the optical field-strength quantum probability distribution,
via spatial two-mode homodyne detection, and the full optical field-strength wavefunction, by means
of weak values, are carried out. This approach can easily be extended to spatial N-mode input quan-
tum states. Apart from its usefulness to characterize optical quantum states, it is also emphasized
its application to the measurement of the so-called generalized quantum polarization.
I. INTRODUCTION
In recent years, great attention has been paid on the
capabilities of light spatial modes in quantum mechanics.
The technology based on them, integrated photonics, has
lead to multiple new approaches on quantum communica-
tion, computation and sensing with huge success. These
works are based on the processing of encoded quantum
states of light in integrated waveguides, like single pho-
tons in a discrete space or squeezed light in a continuous-
variable space, and measured by single-photon detectors
or homodyne detection schemes, respectively [1].
The two main features for which integrated optics cir-
cuits are interesting to quantum information processing
(QIP) are the sub-wavelength stability, which enables
high-visibility quantum interference, and the great minia-
turization they show with respect to bulk optics analogs,
providing scalability [2]. Likewise, the optical proper-
ties of the materials which make up the waveguides, are
used for generating quantum states on chip, via their
nonlinear features, manipulating them by means of their
thermo-optic and electro-optic properties, among others,
and even detecting these quantum states.
As QIP technologies grow, quantum circuits become
more complex and high-fidelity active control turns into
an essential feature. Since the first demonstrations of
quantum interference control based on the thermo-optic
effect in optical waveguides [3, 4], this approach has been
extensively adopted in Silicon-based (Si) quantum cir-
cuits with notable success [5–8]. Besides, quantum inter-
ference has also been shown recently by means of strain-
optic based phase controllers in Silica (SiO2) [9]. The
other main branch, electro-optic based quantum circuits,
exhibits very promising attributes as well. Lithium Nio-
bate (LiNbO3) photonic circuits have demonstrated ef-
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ficient generation of entangled photons and fast control
on chip [10, 11], even on both polarization and path de-
grees of freeedom [12], and storage as a quantum mem-
ory [13]. Additionally, Gallium Arsenide (GaAs) is an-
other high-performance material capable to generate [14],
manipulate [15] and measure [16] single photons in pho-
tonic circuits. These features position electro-optic mate-
rials in a pre-eminent place for future quantum photonics
technologies, where high integration and fast and precise
modulation will be required.
Both the processing and measuring of quantum states,
like those carried out in the works presented above,
are based on unitary transformations, since they leave
all physical predictions of quantum mechanics invariant.
When we are dealing with qubits, they are accomplished
as rotations in the Bloch sphere like in discete-variable
quantum computation (DVQC) [17]. Likewise, in the
case of looking for full characterization of a quantum
state, they appear as rotations in the phase space. This is
known as quantum state tomography (QST) and is based
on homodyne detection [18]. This technique enables us
to extract all the information of the quantum state recon-
structing the Wigner function and the density operator
in the quadrature, Fock, computational spaces and so
on [5, 19–21]. Another way of quantum state reconstruc-
tion is based on weak values [22, 23], where measurement
is carried out by imposing postselection of the quantum
state and weak interaction between the measurement ap-
paratus and the state itself, leaving the state of interest
largely undisturbed. In a similar way, properties of N -
dimensional quantum states propagating in quantum cir-
cuits have been studied in the optical field-strength E . In
this space, the quantum wavefunction presents a gener-
alized polarization which can be quantifed by a degree of
polarization and measured by homodyne detection tech-
niques as well [24–26]. Additionally, coherent detection
is also carried out in continuous-variable quantum com-
putation (CVQC) [27].
As manipulation and characterization of quantum
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2states of light in integrated photonics is a very active field
of research by all the aforementioned, we introduce a re-
configurable integrated device capable to carry out SU(2)
and SO(2,R) operations based on the Kogelnik-Schmidt
scheme for electro-optic directional couplers (DC) [28].
The advantages of this proposal are on one hand fast
modulation, based on the electro-optic nature of the ma-
terial, and on the other hand higher error tolerance to
fabrication defects and larger integration density than
other current schemes due to the design of the device.
Its architecture enables carrying out both SU(2) trans-
formations and fabrication defects correction simultane-
ously, as well as the number of elements is less than in
other proposals. All this is a very important fact be-
cause as the complexity and number of elements of a
photonic circuit network increase, the effect of imperfec-
tions in its operation becomes more problematic. More-
over, the integrated nature of our scheme gives access to
bigger dimension quantum states by means of nesting.
In addition, we propose two original applications: firstly,
the measurement and characterization of spatial quan-
tum states of light by means of optical-field strength ho-
modyne detection and secondly, two-dimensional wave-
function reconstruction by means of weak measurements.
However, this device can be also applied in QST, DVQC,
CVQC or any other task where orthogonal or unitary
operations are necessary.
Briefly, the paper is organized as follows. In Section
2 we present the formalism of propagation of quantum
states of light in integrated devices based on the Mo-
mentum operator and introduce the optical field-strength
representation. In Section 3 we sketch a reconfigurable
directional coupler as a device which carries out SU(2)
and SO(2,R) transformations in two-mode input quan-
tum states and as a component of a SU(N) / SO(N,R) de-
vice, and we compare its performance with that of other
current schemes. In Section 4 we focus on possible appli-
cations of this device. In the first place we use this device
as part of an homodyne detector for optical-field strength
measurements of quantum light, and next we apply it to
weak measurements of a two-dimensional wavefunction.
Finally a summary is presented.
II. PROPAGATION OF QUANTUM LIGHT IN
INTEGRATED WAVEGUIDES
It is well-known that the generator of spatial propa-
gation in quantum mechanics is the dynamical Momen-
tum operator Mˆ [29]. In an integrated photonic device
composed by N coupled linear single-mode homogeneous
waveguides it is given by [30]:
Mˆ =
N∑
σ=1
~ β˜σ aˆ†σaˆσ +
∑
σ<σ′
{~κσ,σ′ aˆσaˆ†σ′ + h.c.}, (1)
where β˜σ = βσ + κσ,σ, βσ is the propagation constant of
the σ-mode, where σ stands for the modal numbers ν,
µ in each transverse direction, κσ,σ is the self-coupling
coefficient, κσ,σ′ , where σ 6= σ′, the cross-coupling coeffi-
cient, and h.c. stands for hermitian conjugate. aˆσ (aˆ
†
σ) is
the usual spatial absorption (emission) operator fulfilling
the equal space commutation relation,
[aˆσ(z), aˆ
†
σ′(z)] = δσ,σ′ , (2)
and Heisenberg’s equations which describe the propaga-
tion of quantum states of light, given by:
daˆσ
dz
=
i
~
[aˆσ, Mˆσ]. (3)
These operators are central in quantum optics because
their eigenstates are the coherent states |ασ〉. More-
over, from these operators we build the number operator
nˆσ = aˆ
†
σaˆσ, with the Fock states |nσ〉 as eigenstates, or
the optical field-strength operator Eˆσ = (aˆσ + aˆ†σ)/2 ful-
filling Eˆσ|Eσ〉 = Eσ|Eσ〉, with |Eσ〉 the optical field states,
among many others. In particular these operators are
very important because any quantum state can be ex-
pressed as linear combinations of their eigenstates. Thus,
different problems or applications in quantum optics are
better suited to different spaces, as the Fock basis for
DVQC [2] or the optical field-strength basis for the study
of quantum polarization [24]. In this work we will cen-
ter our attention to this last space since it is the natural
one for the problem of homodyne detection, though our
approach could work in any of the above-mentioned rep-
resentations.
Any multimode quantum state of light |L〉 can be writ-
ten as a superposition of eigenstates |E1, ..., EN 〉 of the
optical field-strength operators Eˆσ,
|L〉 =
∫
〈E1, ..., EN |L〉|E1, ..., EN 〉 dE1...dEN , (4)
with 〈E1, ..., EN |L〉 ≡ Ψ(E1, ..., EN ) =
|Ψ(E1, ..., EN )| ei ϕ(E1,...,EN ) the complex probability
amplitude or wavefunction in the optical field-strength
domain. Hence the probability distribution on the N -
dimensional optical field-strength space E ≡ (E1, ..., EN ),
is given by:
P (E1, ..., EN ) = |〈E1, ..., EN |L〉|2 ≡ |Ψ(E1, ..., EN )|2. (5)
The shape of these probability distributions is directly re-
lated to the generalized polarization degree of the quan-
tum state analyzed, that is, to the confinement prop-
erties of its probability distribution in the optical field-
strength space [24, 25]. Alternatively, some problems are
better suited to be tackled in the conjugate quadrature,
the canonical optical momentum P , fulfilling:
[Eˆσ(z), Pˆσ′(z)] = iδσ,σ′/2. (6)
The Fourier transform relates the complex wave function
in the optical field-strength and optical momentum do-
mains. Besides, the propagation of these complex proba-
bility amplitudes are suitable to be worked out by means
of an spatial propagator [31], which simplifies the calcu-
lation in some problems.
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FIG. 1. Sketch of the device proposed.
III. RECONFIGURABLE DIRECTIONAL
COUPLERS
As it was commented above, high integration density,
fidelity and fast control are main goals in future quan-
tum photonic devices. On one hand we have Silicon on
insulator technology (SOI), which has exploited the high
refractive index contrast and large thermo-optic coeffi-
cient of Silicon, demonstrating good performance in QIP
[5–8]. The main drawback of these devices is a typi-
cal length of several hundred micrometers, as they suf-
fer from large power dissipation and therefore thermal
crosstalk. Fast modulation can be obtained by means of
integrated forward-biased pin-junctions or reverse-biased
pn-junctions into the SOI waveguide, but suffer from high
energy cost and low phase control efficiency, respectively
[32]. On the other hand we have the electro-optic-based
technology, as LiNbO3 and GaAs photonics. High band-
widths, precise control and integration density can be ob-
tained with this technology. Electro-optic efficiency and
bias voltage drift were some of the problems these ma-
terials showed in the past, but via engineered solutions
they present nowadays an excellent behaviour [33, 34],
and they are making their way in QIP [10–16].
The advent of this technology and the need of active
control on quantum states for manipulation and mea-
surement, leads us to propose a quantum photonic de-
vice which enables reconfigurable SU(2) and SO(2,R)
transformations based on a directional coupler with two-
section reversed electrodes, that is, an alternating ∆β-
coupler or Kogelnik-Schmidt scheme [28], together with
two electro-optic phase shifters. To our knowledge this
is the first report of an electro-optic reconfigurable cir-
cuit which performs any unitary operation on spatial
modes of quantum light, as previous works dealt only
with control of the path photons take [10, 11]. In the
case of polarization-encoded quantum light, a reconfig-
urable unitary device has been previously described [12].
We present below the scheme of the device proposed.
A. The device
It is known that unitarity is a restriction on the al-
lowed operations in quantum mechanics [17]. Any dis-
crete unitary transformation of a two-mode input state,
that is an U(2) transformation, can be accomplished ex-
perimentally in bulk optics by means of a beam splitter
with variable reflectivity and a phase shifter at one out-
put port or, alternatively, substituting the beam splitter
by a Mach-Zehnder interferometer [35]. In integrated
photonics this last approach has been recently shown us-
ing two phase shifters and two passive 3dB DCs [5]. Here
we adopt the first scheme above introduced by means of
an electro-optic DC.
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FIG. 2. Values of A (solid line) and B (dash-dot line) versus
δ/k0 for a directional coupler with parameters κ = 0.1k0 m
−1,
L = 2 mm and wavelength λ = 650 nm.
Our device is depicted in Figure 1. The initial and fi-
nal stages of the device are electro-optic phase shifters,
meanwhile the central part is made up of a DC of length
L with two sections of reversed electrodes over it [28].
The DC is composed of two asynchronous waveguides
where TE polarized light propagates. Optical modes 1
and 2 propagate in the device with propagation con-
stants β1 and β2, respectively. L/2 are the lengths of
the two reversed electrodes, κ is the coupling coefficient
of the DC, ∆β(V ) = (β1 − β2) ≡ 2δ is the propagation
constant mismatch between the waveguides to be modu-
lated electro-optically by the voltage V [36] and φ1(V
′),
φ2(V
′′) are input and output electro-optic phase shifts
controlled by two additional electrodes with voltages V ′
and V ′′, respectively. Solving Heisenberg’s equations (3)
after applying the Momentum operator which describes
this system (1), we obtain the following transformation
performed by the device:
M(δ, φ1, φ2) =
(
A(δ) iB(δ) ei(θ+φ2)
iB(δ) e−i(θ−φ1) A(δ) ei(φ1+φ2)
)
, (7)
where A = u2 − v2, B = 2uv, and the functions u, v and
θ:
u = [cos2βrL+
δ2
β2r
sin2βrL]
1/2, v =
|κ|
βr
sinβrL, (8)
θ = atan(
δ
βr
tanβrL), (9)
with βr = [κ
2 +δ2]1/2 and where u2 +v2 = 1. In Figure 2
we plot the functions A and B for different values of δ/k0,
with k0 the propagation constant in vacuum for a given
wavelength λ. These functions differ from the cosine and
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FIG. 3. Values of A (solid line, upper figure), B (dash-dot line,
upper figure) and θ (lower figure) versus δ/k0 for a directional
coupler with parameters κ = 0.1k0 m
−1, L = 2 mm and
wavelength λ = 650 nm.
sine at some values, for instance at δ/k0 ≈ 6. 10−3 in
Figure 2, and their rotation speed increases with δ. To
perform the rotation we only need angles between 0 and
pi/2, so we can thoroughfully choose a range of values
of δ/k0 where A and B mimic the cosine and sine func-
tions, respectively. The change in the velocity of rotation
does not represent a problem in the experimental regime
as the values of δ are chosen from discrete equally sep-
arated values of A and B preselected by the user. The
phase shifters φ1 and φ2 can be adjusted in different ways
to accomplish the desired operation. Choosing the next
simple way:
φ1 = Φ + θ + pi/2 = −φ2, (10)
we obtain the following transformation in equation (7):
M(δ,Φ) =
(
A(δ) B(δ)e−iΦ
−B(δ)eiΦ A(δ)
)
. (11)
For the sake of clarity, note that if we take u =
cos(Θ(δ)/4) and v = sin(Θ(δ)/4), we can rewrite A and
B as:
A = cos(Θ(δ)/2), B = sin(Θ(δ)/2). (12)
Hence, the transformation given by equation (11) is an ef-
fective SU(2) unitary up to a global phase without phys-
ical significance, and a rotation SO(2,R) if Φ = npi is
chosen. Then, to get an arbitrary unitary transforma-
tion or equally, to select Θ and Φ, firstly δ is set by
means of the electrodes voltage V to choose the desired
Θ. This assigns θ a value (9) used in equations (10) to
adjust the electrode voltages of the phase shifters φ1,2,
and obtain the sought value of Φ. All these adjustments
would be controlled continously by a computer. In Fig-
ure 3 we show the values of A, B (upper Figure) and θ
(lower Figure), respectively, versus δ/k0 for a bandwith
δ completing a rotation.
On the other hand, any N -mode quantum state can
be manipulated and measured by means of nesting an
array of devices like that depicted in Figure 1. U(N)
transformations can be carried out by means of succesive
U(2) operations on two-dimensional subspaces leaving an
(N − 2)-dimensional subspace unchanged, with N > 2
[35]. We can carry out this control on a computational
basis, quadrature basis and so on, thus becoming a use-
ful device in quite different quantum optics areas. In the
next Section we will apply it to optical quantum mea-
surement, in particular via homodyne and weak values
detection.
B. Performance of the device
Fast modulation and fidelity are significant features of
current electro-optic devices. For example, in the case of
LiNbO3 used as material support, switching bandwiths
of 40 GHz are available in telecommunications commer-
cial modulators as well as 100 GHz modulation has been
achieved in the laboratory [37]; likewise, long-term field
reliability has been demonstrated [33]. But the main im-
provement of this design over other current schemes is its
ability to get over fabrication errors of the couplers, re-
lated for instance with the coupling constant κ or the
coupling length L, by simply adjusting the electrodes
voltage [28]. To demonstrate this, we show what happens
in the case of fabrication imperfections in the current in-
tegrated SU(2) scheme, that made up of a Mach-Zehnder
interferometer (MZI), that is two 3dB passive DC with
an active phase shifter in between, followed by a second
active phase shifter [5–8, 11]. The scattering matrix of a
3dB DC with fabrication defects is given by:
1√
2
(
1−  i(1 + )
i(1 + ) 1− 
)
, (13)
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FIG. 4. Homodyne detection scheme for measurement of generalized polarization of a three-mode input quantum state of
light composed by two measurement units, stages 1 and 2. Looking at stage 1 (solid line), 11 and 21 modes are sent to the
Kogelnik-Schmidt coupler where rotations in the field-strength space E are performed. The upper output mode is then mixed
in a BHD with a LO-mode. The lower ouput mode acts as the upper input mode (22) of the Kogelnik-Schmidt coupler in the
next stage (dashed line), where it is mixed with mode 12. The free output of this coupler would act as input in the next stage
and so on N − 1 times for N modes.
with  a parameter standing for the defects and where
only first order errors O() have been taken into account.
An integrated Mach-Zehnder made up of two 3dB DCs
with defects  and ′ as in equation (13), respectively,
and a phase shifter causing a change η, is given by the
next transformation:(
cos(η) + i(+ ′) sin(η) sin(η) + i(′ − ) cos(η)
sin(η)− i(′ − ) cos(η) − cos(η) + i(+ ′) sin(η)
)
,
(14)
where a global phase has been dismissed. So the scatter-
ing matrix of the MZI becomes complex in the case of
fabrication errors, which can not be compensated by the
output port phase shifter and therefore accurate SU(2)
transformations can not be accomplished [7]. In our
case, this is easily solved by adjusting the values of δ(V ),
φ1(V
′) and φ2(V ′′), as it can be seen by inspection of
equations (8-11). Moreover, the above statement could
be refuted by using alternating ∆β couplers in the MZI,
but in that case our design saves one DC, improving the
integration density. It is important to outline that in
complex networks the larger the number of DCs are in-
volved the higher the probability of fabrication imper-
fections we have, and therefore larger deviation from an
ideal operation. Hence the importance of this scheme in
future QIP technologies.
IV. APPLICATIONS TO OPTICAL QUANTUM
DETECTION
In this section we show how our electro-optic SU(2)
device can be used to measure the optical field-strength
probability distribution of a two-mode quantum state by
homodyne detection, that is, |Ψ(E1, E2)|2, by means of
rotations in the optical field-strength space E. Likewise,
we extend it to the full reconstruction of the wavefunc-
tion, that is getting amplitude and phase of a two-mode
quantum state by using weak values detection, that is,
Ψ(E1, E2). For sake of both simplicity and clarity we
present the applications with two-mode quantum states
although it can be easily extended to N-mode quantum
states.
A. Application to quantum homodyne detection
In this subsection we study the application of the
electro-optical SU(2) device to measure the optical field
strength probability distribution of a two-mode quantum
state. The knowledge of such a distribution is very useful
to both obtain the so-called generalized quantum polar-
ization of the state (wich is given by an accumulated
probability distribution) and assess its generalized polar-
ization degree [25]. The measurement of this feature of
any N -mode quantum state of light is accomplished by
means of an homodyne scheme, phase-independent in the
case of stationary quantum states, or phase-averaged in
the case of time-dependent states. From the theory of
QST, it is known that in order to measure a quantum
state, a set of linear transformations must be applied to
generate a tomographically complete set of observables,
a quorum, whose statistical properties are measured [38].
In the usual single-mode homodyne detection this is car-
ried out by means of modulation of an local oscillator
(LO) phase which turns out into a rotation in the phase
space [19]. When two modes are involved, three parame-
ters are necessary to obtain a quorum. Some techniques
have been developed to perform this experimentally, as
the ”Dual-mode-LO” and the generalized rotations in
phase space ”GRIPS” [38], where the set of transforma-
tions is applied to a two-mode LO or to the two-mode
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FIG. 5. Simulation of the measurement of a circularly polar-
ized coherent state (upper figure) and reconstructed proba-
bility distribution (lower figure).
signal before mixing in a balanced homodyne detector
(BHD), respectively. In this paper we apply this last ap-
proach to the detection of spatial quantum states of light
in the optical field-strength space E. In this case only
one free parameter or none will be necessary because of
the option of using random measurement, as we will show
below. Hence we propose the detection scheme sketched
in Figure 4 (solid line): every measurement unit (a stage)
is made up by the electro-optic coupler presented in the
above Section performing a rotation in the E1E2-space.
Mathematically this is equivalent to perform the trans-
formation (11) with Φ = npi on the input state, leading
to:
(Eˆ3
Eˆ4
)
=
(
A(δ) (−1)nB(δ)
(−1)n+1B(δ) A(δ)
)(Eˆ1
Eˆ2
)
(15)
This transformation in operator form is given by
UˆR(χ) = e
iχ(δ)σˆy , where χ(δ) = atan(B/A) = Θ/2 is
the effective angle of rotation. The output mode 3 is
sent to the integrated BHD right after, where it is mixed
with a strong local oscilator excited in a coherent state
|α〉, with α = |α|eiψ, in the same spatial mode (mode 0).
The output mode 4 can be used for other purposes or, in
the case of a N -mode quantum state, it can be the in-
put to the next measurement unit (stage 2, dashed line,
Figure 4) [38]. In the BHD the LO phase ψ performs
rotations in the phase space of the output mode 3, that
is, E3P3. Such a rotation is mathematically carried out
by the operator UˆLO(ψ) = e
−iψnˆ0 . From the difference
of the a and b photodetectors readings we can obtain sta-
tistical information of the state like the moments of the
distribution. The mean value of the field and its variance
would be for example [39],
〈Iˆab(χ, ψ)〉 ∝ 2|α|〈Eˆ3(χ, ψ)〉, (16)
〈(∆Iˆab(χ, ψ))2〉 ∝ 4|α|2〈(∆Eˆ3(χ, ψ))2〉, (17)
where Iˆab is the difference of intensities measured by the
detectors. However, for a complete characterization of
the generalized polarization of the state we have to ob-
tain the total probability distribution P (E1, E2). This
can be accomplished performing sampling to buid up a
histogram for every rotation angle χ and LO phase ψ
which gives us an approximate probability distribution
of obtaining a value of the field-strength E3:
P (E3(χ, ψ)) = 〈E1E2|Uˆ† ρˆ Uˆ |E1E2〉, (18)
where ρˆ is the density operator which characterizes the
input quantum state, ρˆ = |Ψ〉〈Ψ| in the case of a pure
state, and Uˆ = UˆLO(ψ) UˆR(χ) the unitary transform per-
formed by the entire detection system. In the case of
non-stationary quantum states, we are interested in the
accumulated probability distribution over one temporal
cycle 〈P (E1E2)〉t. This provides us with three methods of
sampling this built-up quantum probability distribution:
the first one is to control ψ and to vary χ without follow-
ing any order. We can call this standard homodyne de-
tection since we set discretely the time (phase) and mea-
sure in any field-strength E3, covering all the E1E2-space
and a temporal cycle; the second one is based on setting
χ and uniformly randomize ψ, which it could be called
phase-random homodyne detection, given that we mea-
sure at random times (phases) on the discretely-varied
field-strength E3(χ), giving us a time-weighted average
probability:
〈P (E3(χ)〉t = 1
2pi
∫ 2pi
0
P (E3(χ, ψ)) dψ (19)
The third one would be to randomize both ψ and χ, lead-
ing to high simplification of the measurement procedure.
The discrete nature of the variation of the two parameters
and the same sampling process make this procedure in-
herentely approximated, such that enough resolution has
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FIG. 6. Homodyne detection scheme for weak values measurement of a two-mode quantum state of light. Modes 1 and 2 are sent
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of the meter conjugate quadrature are calculated.
to be reached to obtain a satisfactory outcome. Next,
for the sake of clarity, we show in Figure 5 (upper Fig-
ure) an standard homodyne detection simulation of the
quantum polarization of a circularly polarized coherent
state given by |L〉 = |α〉1|iα〉2, with |α| = 4, where χ
has been randomized. This simulation has been carried
out creating 105 random points by a Monte Carlo method
[40]. The outcome obtained performing the experimental
procedure explained above would be similar to this. In
Figure 5 (lower Figure) we show the probability distribu-
tion (19) reconstructed from the data sampled in Figure
5 (upper Figure). Fitting this surface allows us to recover
the parameters defining the state, as the photon number
in each mode and the quantum noise. In this case we
obtain 〈Eˆ1〉 = 4.001, 〈Eˆ2〉 = 4.003, 〈∆Eˆ1〉 = 1.035 and
〈∆Eˆ2〉 = 1.033, which agree to a great extent with the
parameters defining the quantum state |L〉. These data
could be be used as well for working out the general-
ized polarization degree of the state, as shown in [25]. Of
course, the procedure above presented can be also carried
out with non-gaussian states, as we show in the following
section.
It is important to outline that this scheme is able to be
generalized to N -mode input states, as the unused out-
put of the directional coupler can be mixed with a third
mode and measured by another BHD as well, and so on
and so forth up to the N -mode. In Figure 4 is sketched
the scheme for the case 3-mode. So we would need one
local oscillator mode and one BHD per input mode to be
measured. Moreover, this scheme could be used to ob-
tain the Wigner function on chip by using the transfor-
mation (11), repeated measurements of P (E3(χ, ψ, φ)) for
different combinations of the parameters (χ, ψ, φ) and re-
construction algorithms as inverse linear transform tech-
niques or statistical inference [18]. Additionally, using
the phase-averaged distributions (19), we can reconstruct
the photon number statistics of any input N -mode state
following [41]. In the next section we show a faster way
of obtaining complete information about the quantum
state, measuring at the same time amplitude and phase
of the input wavefunction.
B. Application to quantum detection of weak
values
Another possible application of this device is the mea-
surement of the wavefunction by means of weak values.
Quantum state reconstruction using this approach has
become a topic of great interest since its introduction in
[22]. This formalism is founded on the observed outcomes
of weak measurements, given by:
Aw =
〈Ψj |Aˆ |Ψ〉
〈Ψj |Ψ〉 , (20)
where Aw is the complex weak value of the observable
given by the quantum operator Aˆ for a quantum state |Ψ〉
postselected in |Ψj〉 [42]. This value is dependent on two
facts: imposing postselection into a given final state and
a weak interaction between the mesurement apparatus
(the meter) and the quantum system of interest. For a
complete and detailed review see [43].
Recently, a weak values scheme was proposed to recon-
struct the quantum state of an optical single-mode field
[44]. This implementation is based on a weak beam split-
ter interaction between two single-mode quantum states,
the one to be measured |Ψ〉 and the other a gaussian state
acting as a meter |µ〉. Following this approach the quan-
tum state is reconstructed in the optical field momentum
P basis, where the wavefunction is given by:
Ψ(P) = |Ψ(P)| ei ϕ(P). (21)
This scheme is also suited to be applied in integrated
optics. In this case homodyne detection is carried out
on each output guide of a directional coupler with weak
coupling parameter Γw = κL, where L is the coupling
length (or χw(δ) if our electro-optic coupler is used for
this task), taking postselection probabilities in one guide
P (P) = |Ψ(P)|2 (strong measurement) and postselected
8expectation values in the conjugate quadrature of the me-
ter E(P)[Eˆµ] = −Γw ∂ϕ(P)/∂P (weak measurement) in
the other guide. From the strong measurement we obtain
the amplitude of (21), and from the weak measurement
its phase by means of:
ϕ(P) = − 1
Γw
∫ P
E(P
′)[Eˆµ] dP ′. (22)
This section is devoted to extend this weak detection
scheme to two-mode (or N -mode) spatial quantum states
of light. So, on one hand, since we are interested in mea-
suring spatial quantum states, we have translated this
scheme to photonics by the use of a fixed directional
coupler, or our reconfigurable device allowing us sharper
selection of the strength of the interaction, as weak in-
teraction system. On the other hand, as our aim is the
study of two-mode quantum states, performing rotations
in the P1 P2 plane by means of our device, which, math-
ematically, consists of substituting E by P in equation
(15), we can obtain full amplitude and phase information
for every rotated angle χ. In Figure 6 we show a sketch
of the circuit proposed for this weak measurement-based
detector. The principal advantage of this scheme is the
quicker acquisition and simpler analysis of data with re-
spect to QST. But unfortunately this approach presents
some drawbacks. The main drawback, inherent to the
method, is its inability to reconstruct the phase for those
values of P with low probability, as it can be seen in Fig-
ures 7 and 8: the lower the probability, the poorer the
reconstructed phase. This can be overlooked for the far
values of the field, but it is an unavoidable problem when
the wavefunction presents gaps [44]. A second drawback,
dependent in this case on our design, is the inability of re-
construct quantum states with only angular dependence,
as the postselected expectation value will be zero for ev-
ery rotation angle χ. In these cases QST has to be chosen.
It is important to outline that a hybrid scheme of QST
and weak measurement is possible, leaving QST for those
states or values of χ not suitable to be measured by the
weak scheme.
Figures 7 and 8 show theoretical and simulated recon-
structions of the weak measurements carried out over a
NOON-type state |L〉 = |2 0〉+ i|0 2〉 by means of phase-
random homodyne detection. We have used a weak cou-
pling parameter Γw = 0.05 and N = 10
5 data points.
Figure 7 shows the simulated and theoretical probabil-
ity for two rotation angles χ = 0, pi/3 (upper Figure) and
the total data sampled in the P1 P2-space (lower Figure).
Likewise, the phase is reconstructed integrating the ex-
pectation value of the meter E(P3)[Eµ], in our case the
vaccuum |µ = 0〉, over P3. As it can be seen in the upper
Figure 8, where theoretical and reconstructed phases for
two rotation angles χ = 0, pi/3 are shown, they highly
agree for values of |P3| < 2.5 where the probability of
the quantum state is high (upper Figure 7), as it was
discussed above. In the lower Figure 8 we show the re-
constructed joint phase of the input quantum state ob-
tained from individual measurements as those depicted
on upper Figure 8. Note that as only relative phases are
physically meaningful, we have chosen the phase origin
at (P1, P2) = (0, 0) and it acts as the lower bound of
integral (22). As it can be seen, the phase of |L〉 varies
smoothly unless for χ = ±pi/4, where phase jumps ap-
pear and the method does not work. To solve this, we
have interpolated the data at these planes. Likewise,
in lower Figure 8 we have dismissed the reconstructed
phases for values of P1, P2 > 3, as those values are far
from the theoretical.
Hence, this procedure gives us full characterization of
the joint quantum wavefunction. It is important to say
that the reconstructed wavefunction obtained is the same
as that in the field-strength space E because of the tem-
poral invariance of the quantum state, but in general it
can be obtained by a Fourier Transform. In the case
of a non-stationary quantum state, standard homodyne
detection would be required for reconstructing the ampli-
tude and phase of the state in every point of a temporal
cycle.
V. SUMMARY
In this work we have studied the detection of two-mode
spatial quantum states of light with an homodyne on-
chip scheme. We have designed a device capable of carry
out reconfigurable SU(2) and SO(2,R) transformations
on spatial modes by means of a directional coupler built
in an electro-optical material, extensible to N-mode in-
put quantum states by nesting, and we have compared
its performance with other current schemes. Finally we
applied it to the measure of generalized quantum po-
larization and reconstruction of the wavefunction using
weak values.
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